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Rank-Nullilythrm-iRc.tn#:Amxnmatrix

• null (A) = { I. in IR
"

: A8 }
= solution set to the homogeneous system

•We saw that this was a subspace
• so in particular null (A) has

0¥ : the dimension of null (A) is called ntydA
¥41M = dim ( null IA ) )



Recall : the # uHs is the # vectors in
the basis for null (A)

→nuHi4lA7tÉapiwt .

• Colla) : span ( columns of matrix A )
= the vectors B in IRM such th-ema.in egmttn
E¥m.

0¥: the tank of matrix A is

rank (A) = dim ( colla ))
• Since collA) = span (I

'
- %)



# of

the^4it in this list V, - - Vn

will be the # of vectors in tho basis
.

•This implies rank (A) = ¥ of leading variables
=

-

Hofcokmnswithapnut-l.INT: A mxn matrix

•n = ¥ of columns'

In-oH-wlumng.with.IT I # columns of columns w/out a
- pivot .

n=ranklA1+ndHyf
Rank -Nullity
than for
matrices,



ex) Let A be a 6×5 matrix and the null space of d- is

mum : seen ( ( § ) , /
"

;) )
§: what is rank of A ?

•n¥Ai
'

= > S= rankIAI t 2 =) runKlA,

a) A 3×8 matrix with nullity (A) : 6 .
Do the columns of A span 1123 ?

No!- 8= rankin t 6 => rank /A) = 2
.

Need at twist 3 to spun ,



chaptw6.li#ransfwmahmsDef-:YWbe vector
spaces .

Then a function

T : V -0W is a linear transformation if
1) Tlutv) =Tlu) +The) for u,v in V

2) Then) = ctln) for Cink
, u in

V

-

G) Timur HR) -0 IR

tf :& ) = aid = ( trace of matrix ) -11m¥ Tend

a, , a.a) + (&! ¥)) =T(
" ' th' a'" ha)É a. + kitai. +•1- ( (a. an Uzi t.lu Gut In bae

"M , K



in D: Rn 1×3 → Nn . , 1×1 Check this is a LT

Dcaotaixt -
- t anX

"

) = 9 , + Zant - - thanx"
"

€1 DCA) : our:*)->Mmm HR ) )"

f?R"→lÑ-> Of is a MMn matrix

0¥: Tiv- now be linear transformation
.

1) kerlt ) = § vinv : Tcu) = Ow } ( Kemal of T)
2) Range of T

,
RA) = { win W :

there is a vin V )
with The W )



⇒⇒

R.ec#iItT:1Rn-o1Rm linear we saw that 1- was uniquely
defined on the standard Basis

• Same is true for Tiv-ow

Inpwtiwlw- : Let Bu :( v. - .vn) be a basis for V

then Rlt) : spun (TW ,Twila ,#



- So in particular , a basis for the range is just those vectors

in (1-14)
,
. , ,
Tun)) that an LI .

ex) T : Rix] → Man IR) Bu :( 1
,
×, ×
' )

Tlatbxtcx
") = ( a atbtc ) Dancin :( 1%1,1%1,1%1, )

C - b

=L : 8) + ( : -11+1: ;)
⇐"

=a(i. f) +48.11+4%1
= a 1- (1) t 61-1×7 + C Thi )

So to find basis for RA)
,
check which of the matrices

( 'all
,
(%) , (%) are LI



⇒ 1 : : ;)-of: : :)O O O )

So basis for range is D:( ( iii. 1%1,1%1 )

Morconkemwtexv.IR
, G) → Rzfx] the derivative

.

• What is Ker (D) i all constant polynomials
= spun 11)



ex) Tcatbxtci ) :( a attic )
C - b

kerf )= fawn. # :(I
" I :(%) } : f.of

Prof:TlnewTCwCshw
Det: T :V - ow linear transf

17 nullity of T is dim kerlt )

2) rank of T is dim RT)



Recchi . T : → IRM linear - > At mxn matrix

such that TCE)=A¥

TiRn→Nm-
matrix

kernwl of T Kwlt) null /At)

nullity CT) nullity (Ar )

range of -1 Rt) = coll A+)
rank CT) =/ rank 11-+7

In the case of T.IR
" -0112m we saw that

rank (t ) + nullity A) in



Is this true in general ?
Let U n-dam V5

,
W m - dimensional V5

.

T : V - o W linear transf .

Then nidinÉ_

i÷÷¥i÷::÷÷÷⇒Arm
- the cover of our canvas page

! !



Def : fill -0W any function 0 0
opto

1) We say f is swje-e.ie if

2) We say f is if whenever

f- lx.li flat then × , = ✗a

Thing ! Tiv → W be linear transf
.

Then

tisinjeotiveifandov.ly#kerT-.8oo@



ex) Tlatbxtcx
") # ( a attic )C - b

•We saw Kira ) = # of so T is i_¥

but T is not suiiu

( RA ) has dmi -3
,
but Man IR) has d.m=

We will actress how to check for surjective / injector in a

second
,
but first we have some applications of rank-nullity,

thing : V n
-dim

,
W m-dim T : ✓→ W linear



"

ItwI;¥"
dinv :b d.mu:9

(
"

E m + nullity CT)
•

⇒ mail.no ?
2) If dim VadimW

thenTN÷_-.



Ptosesrank.MN#
3)DeI:WesayTisanisomorphism¥%?%th

injective and spectra .

•If Tiv -7W is an isomorphism we say Vis

isomorphic to W (write VEW )

Nok if T is injection , need dim edimw
it T is surjective

,
need dim V 7- dinw

So if T is an isomorphism we have d.mtt.in#



thrm : Two vectors an isomorphic if and only if

ex) Mmm 11121 ? I

M
3×2 HR) I 1-


